Introduction
A hyperimaginary is an equivalence class of a type-definable equivalence relation on tuples of possibly infinite length. The notion was recently introduced in [?] , mainly with reference to simple theories. It was pointed out there how hyperimaginaries still remain in a sense within the domain of first order logic. In this paper we are concerned with several issues: on the one hand, various levels of complexity of hyperimaginaries, and when hyperimaginaries can be reduced to simpler hyperimaginaries. On the other hand the issue of what information about hyperimaginaries in a saturated structure M can be obtained from the abstract group Aut(M ).
In section 2 we show that if T is simple and canonical bases of Lascar strong types exist in M eq then hyperimaginaries can be eliminated in favour of sequences of ordinary imaginaries. In section 3, given a type-definable equivalence relation with a bounded number of classes, we show how the quotient space can be equipped with a certain compact topology. In section 4 we study a certain group introduced in [?] , which we call the Galois group of T , develop a Galois theory and make the connection with the ideas in section 3. We also give some applications, making use of the structure of compact groups. One of these applications states roughly that bounded hyperimaginaries can be eliminated in favour of sequences of finitary hyperimaginaries. In sections 3 and 4 there is some overlap with parts of Hrushovski's paper [?] . In section 5, we show that if T satisfies some mild assumptions, then for a suitably saturated modelM of T , the subgroups of Aut(M ) which are stabilizers of "bounded-closed quasifinitary hyperimaginaries" can be recognized from the abstract group structure of Aut(M ). All these notions and expressions will be defined in the remainder of the introduction.
We fix a complete theory T and a very saturated modelM of T . For now, "small" means of cardinality strictly less than the cardinality ofM . a, b, .. will for now range over tuples fromM of small length. We will say a is finite if it has finite length. A, B,.. will for now denote small subsets ofM . Aut(M ) denotes the group of automorphisms ofM , and Aut A (M ) the subgroup of Aut(M ) consisting of those automorphisms which fix A pointwise. Definition 1.1 By an A-hyperimaginary, we mean something of the form a/E where E is an equivalence relation on tuples with length that of a, which is defined by a set of formulas with parameters from A. (We say E is typedefinable over A.) By a hyperimaginary we mean a ∅-hyperimaginary. If a is finite, and E is defined by a single formula over A we call a/E an A-imaginary (or again just an imaginary, if E is defined over ∅).
Remark 1.2 (i)
Aut(M ) acts on the set of hyperimaginaries. For e a hyperimaginary, we let Aut e (M ) denote the group of automorphisms which fix e. We will say that hyperimaginaries e, f are equivalent or interdefinable if Aut e (M ) = Aut f (M ). Similarly we say that e ∈ dcl(f ) if Aut f (M ) ⊆ Aut e (M ). (ii) Note that essentially everything is a hyperimaginary: in particular an infinite typle (of small length) is a hyperimaginary, and a (small) sequence of hyperimaginaries is a hyperimaginary. In [?], we made sense out of tp(e/f ) where e, f are hyperimaginaries, as a certain partial type in the usual sense. For example, suppose e = a/E and f is a real tuple. Let p(x) = tp(a/f ). Then tp(e/f ) is the partial type "∃y(E(x, y) ∧ p(y)". A different choice of a would give an equivalent set of formulas.
(iii) As usualM eq is the many-sorted structure obtained by adjoining imaginaries toM . (iv) In [?] it is pointed out that any type-definable equivalence relation is the conjunction of a set of type-definable equivalence relations on tuples of at most countable length.
e, f, g will often denote hyperimaginaries. Definition 1.3 (i) Let e be a hyperimaginary. Then bdd(e) is the set of hyperimaginaries which have a small orbit under Aut e (M ).
(ii) e is bounded if e ∈ bdd(∅).
(ii) The hyperimaginary e is said to be finitary if e ∈ dcl(a) for some finite tuple a fromM , (iii) The hyperimaginary e is said to be quasifinitary if e ∈ bdd(a) for some finite tuple a fromM .
Let us note that if e is an ordinary imaginary, then e ∈ bdd(f ) iff e ∈ acl(f ). Lemma 1.4 Suppose e ∈ dcl(a) where a is a tuple fromM . Then e is equivalent to a/E for a suitable type-definable equivalence relation E.
Proof. Suppose e = b/R (b a possibly infinite tuple). Let X = X b be the Rclass of b, as a set of tuples. Then X is setwise fixed by Aut a (M ). It follows that X is defined by a partial type over a, say by Φ(x, a) (which could be taken to be tp((b/R)/a) as in Remark 1.2 (ii) ). Let q(y) = tp(a). So for a realising q, Φ(x, a ) defines an equivalence class of R (by automorphism). So Φ(x, a 1 ) and Φ(x, a 2 ) are equivalent just if they define the same R-class just if they have some realization in common. Thus the equivalence relation E on realizations of q defined by E(a 1 , a 2 ) iff Φ(x, a 1 ) is equivalent to Φ(x, a 2 ) is type-definable over ∅. As pointed out in [?] any type-definable equivalence relation on a type is the restriction of some type-definable equivalence relation on all tuples of the right length to that type. (This remark will be used repeatedly). So we may assume E is a type-definable equivalence relation on all tuples of the right length. In any case, clearly e is equivalent to a/E. Corollary 1.5 e is finitary iff e is equivalent to a/E for some finite tuple a from M and some type-definable equivalence relation E (on finite tuples of the appropriate length).
Proof. Right to left is immediate. Left to right is by the lemma. Lemma 1.6 Suppose e = a/E is a hyperimaginary and M a model. Suppose E(x, y) is defined by {φ i (x, y) : i ∈ I}, where the latter set of formulas is closed under finite conjunctions. Then the following are equivalent:
Assume not (ii) , and let φ i (x, y) be such that φ i (x, a) is not satisfied in M . Let (a j : j < κ) be a long sequence of realizations of p such that tp(a j /M ∪ {a k : k < j}) is finitely satisfiable in M . We see that for each j < k, φ i (a j , a k ) does not hold. Thus e / ∈ bdd(M ).
Lemma 1.7 Let e be a hyperimaginary. Then there is a hyperimaginary e such that for any σ ∈ Aut(M ), the following are equivalent:
Proof. We assume for simplicity that e is a tuple fromM . Suppose that E e is a type-definable over e equivalence relation on countable tuples from M , and a/E e has a small orbit under Aut e (M ). Let E (e 1 , a 1 , e 2 , a 2 ) be the equivalence relation: e 1 = e 2 and E e 1 (a 1 , a 2 ). This is now type-definable over ∅ and moreover (ea)/E ∈ bdd(e). Define e to be the sequence of all hyperimaginaries (ea/E ) which arise this way. e clearly works.
Lemma 1.8 Let e, f be hyperimaginaries. Then e ∈ bdd(f ) iff for all models
Proof. Suppose first that e ∈ bdd(f ). Let M be a model such that f ∈ dcl(M ). Then e ∈ bdd(M ) so by 1.6, e ∈ dcl(M ). Conversely, suppose e / ∈ bdd(f ). Let e = a/E. So there is an unbounded set of conjugates of a over f which are pairwise E-inequivalent. By Erdos-Rado we may assume this set forms an indiscernible sequence I over f . It is easy to find a model M with f ∈ dcl(M ) such that I remains indiscernible over M . In particular e / ∈ dcl(M ).
Finally in this section we give a necessary and sufficient condition for a subgroup of Aut(M ) to be the fixator of a hyperimaginary, which will be useful in future sections. As a matter of notation, for e a hyperimaginary we use F ix(e) to denote Aut e (M ) when there is no possibility of confusion. Lemma 1.9 Let H < Aut(M ) and let a be a tuple fromM of small length. Then the following are equivalent:
(ii) F ix(a) < H and the orbit of a under H is type-definable (with parameters).
Proof. (i) implies (ii) is immediate. (Assuming (i) the orbit of a under H is just the set of realizations of tp(a) which are E-equivalent to a.) (ii) implies (i): Assume (ii) . Let X be the orbit of a under H. So X is invariant under H, in fact H = F ix(X). Thus, X is invariant under F ix(a). As X is type-definable, X must be type definable over a, by a partial type Φ(x, a) say (where Φ(x, y) is a partial type over ∅). It is now easy to see that for x, y each realising tp(a), Φ(x, y) holds iff there are α, β ∈ Aut(M ) such that α(a) = x, β(a) = y and α −1 · β ∈ H. In particular Φ(x, y) defines an equivalence relation on realisations of tp(a), which must be the restriction to tp(a) of a type-definable (over ∅) equivalence relation E on all tuples (of the appropriate length). Clearly H = F ix(a/E).
Canonical bases and elimination of hyperimaginaries
In this section T will be a simple theory. In [?], a theory of canonical bases was developed for simple theories. We will summarise this theory. First, for p(x) ∈ S(M ) (x possibly a hyperimaginary variable), let X p be the set of q(x) ∈ S(M ) such that for some n, there are p(x) = p 0 (x), p 1 (x), .., p n (x) = q(x), all complete types overM such that for each i < n, p i (x) and p i+1 (x) are common nonforking extensions of some complete type over a model. Also a complete type p(x) over A (A possibly a sequence of hyperimaginaries) is called an amalgamation base if any two nonforking extensions of p over sets which are independent over A have a common nonforking extension. (ii) for any e, p does fork over e iff d ∈ bdd(e).
The following generalises (and also yields a simpler proof of) results from [?] on infinitely-definable equivalence relations in stable theories. Proposition 2.2 Suppose that whenever p(x) ∈ S(M ) and x is a possibly infinite tuple of ordinary variables, then Cb(p) is equivalent to a (possibly infinite) tuple of imaginaries (i.e. elements ofM eq ). Then every hyperimaginary e is equivalent to a sequence of imaginaries.
Proof. Let e = a/E where a is a tuple fromM . Let p(x) ∈ S(M ) be a nonforking extension of tp(a/e). By assumption Cb(p) is equivalent to a sequence d = (d i : i ∈ I) of ordinary imaginaries. Claim 1. e ∈ dcl(d). Suppose not and let e have the same type as e over d with e = e, and e independent from e over d. Let p e (x) be the restriction of p(x) to de and p e (x) the copy of p e over de . By Fact 2.1 (i) (and the definition of an amalgamation base), there is a realising p e (x) ∪ p e (x). But then e = a /E = e , a contradiction. This proves Claim 1. By Fact 2.1 (ii), d ∈ bdd(e). In particular each finite tuple from d is in acl(e). 
It easily follows that f fixes e, proving Claim 2.
We conclude that e is equivalent to the sequence d of imaginaries, as required.
Bounded hyperimaginaries and compact groups
In this section we study hyperimaginaries e which are in bdd(∅).
We begin by studying the following situation: Y is the set of realizations of a partial type Φ(x) (over ∅, where x is a possibly infinite tuple of real variables), and E is a type-definable (over ∅) equivalence relation on the set Y with a bounded number of classes. Let E be defined on Y by the partial type Ψ(x, y) which we suppose to be closed under finite conjunctions and implication. We put X = Y /E. Aut(M ) acts on X. Let G be the corresponding group (namely G is the group of permutations of X induced by automorphisms ofM ). We point out how the definable sets inM induce natural topologies on X and G making them both into compact Hausdorff spaces (with the action of G on X being continuous). Let π : Y → X be the natural projection.
is type-definable possibly with parameters.
Remark 3.2
As E is type-definable, it would be equivalent to define C to be closed if for some type-definable Z ⊂ Y , C = π(Z). Lemma 3.3 X is a compact (Hausdorff ) topological space (with the above notion of closed).
Proof. Note that X has bounded cardinality, i.e. is a set. So an intersection of any number of closed sets is closed. Also it is clear that a finite union of closed sets is closed. So X is a topological space. Let
This shows that X is Hausdorff. The compactness of X follows from the compactness theorem: suppose {C i : i ∈ I} is a family of closed subsets of X with the finite intersection property. Let
Note that the family of D i has the finite intersection property. By compactness
n is closed (with respect to the above topology on X) just if its preimage in Y n is type-definable. Similarly if I is infinite and X I is given the Tychonoff topology.
Proof. Let E n be the equivalence relation on Y n , defined by:
n and E n we obtain a compact Hausdorff topology τ n on X n , which clearly refines the product topology on X n . But the latter is also compact and Hausdorff, so the topologies agree.
It is worth at this stage giving a link with the notions from [?] (although we will do this systematically in the next section). Suppose M is an elementary extension ofM , let Y be the solution set of Φ in M and E the solution set of Ψ in M . Let X = Y /E . Note that there is a canonical bijection between X and X (each E -class has a representative inM ). (In fact, if M is also saturated this will be even a homeomorphism.) So let us notationally identify X with X . Now suppose that U is an ultrafilter on a set I, and let M be the ultrapowerM I /U. We then have: Remark 3.5 C ⊂ X is closed just if for any ultrafilter U on set I, and
Definition 3.6 Let a ∈ X, and ψ(x, y) ∈ Ψ. Define U a,ψ to be {b ∈ X: for all x ∈ π −1 (b) and y ∈ π −1 (a), ψ(x, y)}.
Lemma 3.7 The U a,ψ form a basis for the topology on X. In fact for any a ∈ X and open set U containing a, U a,ψ ⊂ U for some ψ.
Proof. We may assume that U is determined by a single formula φ(x) (with parameters), namely U = {b ∈ X : for all x ∈ π −1 (b), φ(x)}. Clearly we have
This suffices.
We now want to consider Aut(M ) as acting on X. Define Γ X to be the normal subgroup of Aut(M ) consisting of permutations which fix each E-class, and define G = G X to be (Aut(M ))/Γ. Then G acts faithfully (effectively) on X. Let µ = µ X be the canonical homomorphism from Aut(M ) onto G.
Remark 3.8 Each σ ∈ G acts on X as a homeomorphism.
Proof. If σ ∈ Aut(M ) then σ exchanges type-definable subsets of Y .
Definition 3.9
We define F ⊆ G to be closed, if there is a family (a j : j ∈ J) of elements of X and a closed subset C of X J such that F = {g ∈ G : (g(a j ) j ∈ C}. (We may as well take X for the index set J.)
Remark 3.10 What we have defined in 3.9 is precisely the Tychonoff topology on G as a subset of X X .
Lemma 3.11 Under the above topology, G is a compact (Hausdorff ) topological group with continuous action on X.
Proof. We first show that G with this topology is Hausdorff and compact.
Hausdorffness follows immediately from the definition of the topology and Hausdorffness of X. As X X is compact, compactness of G would follow from G being closed in X X . We will actually prove compactness of G directly, using the compactness theorem. Let (F i ) i be a family of closed subsets of G with the finite intersection property. Let J be some enumeration of X, so X = {a j : j ∈ J}. We may assume that for each i ∈ I,
This is finitely satisfiable as the family of F i has the finite intersection property. So it is satisfiable, by (c j ) j say. Then the map taking (b j ) j to (c j ) j is elementary so extends to an automorphism h ofM . µ(h) is then in G and in F i for all i.
Next we show the action G × X → X is continuous. Let b ∈ X and let U be an open neighbourhood of b. Let g.a = b for some g ∈ G, a ∈ X. We want to find an open neighbourhood of (g, a) in G × X which maps into U . We may assume by Remark 3.7 
The proof that multiplication G × G → G is continuous is similar.
Galois groups and Galois theory
In this section we make the connection with the ideas and methods in [?] , as well as generalizing the latter somewhat. M will be a saturated model of the first order theory T of cardinality κ where κ is a regular cardinal strictly bigger than |T |. In [?] the following groups were defined:
(ii) Gal(M ), the Galois group ofM , is the quotient group Aut(M )/Autf (M ), and µ : Aut(M ) → Gal(M ) is the canonical surjective homomorphism
We start by recalling a couple of facts: Fact 4.2 Let M be an elementary extension ofM , and let h ∈ Aut(M ). Let M be a small elementary submodel ofM , enumerated by m, and let q = tp(h(m)/m). Let n ⊂M realise q. Let g ∈ Aut(M ) be chosen such that g(m) = n. Then the element g/Autf (M ) of Gal(M ) depends only on h, and we write it as α M ,M (h). The map α M ,M is a homomorphism from Aut(M ) to Gal(M ). If M is chosen to be saturated and of cardinality strictly bigger than κ then α M ,M induces a (well-defined) isomorphism which we call γ M ,M between Gal(M ) and Gal(M ).
Let us make a few explanatory remarks. SupposeM , M , h ∈ Aut(M ), M , n, g ∈ Aut(M ) are as in the fact. Then any other choice of g ∈ Aut(M ) such that g (m) = n will be clearly in the same coset as g modulo Autf (M ).
Suppose another realisation n of tp(h(m)/m) was chosen inM in place of n, and g 0 ∈ Aut(M ) was chosen with g 0 (m) = n 0 . Let h ∈ Aut(M ) be such that h (m) = m and h (n) = n 0 (as tp(n 0 /m) = tp(n/m) = q)). Then h ∈ Autf (M ). Also clearly h .g(m) = g 0 (m). So h .g is in the same coset as g 0 mod Autf (M ). Thus (as Autf (M ) is normal in Aut(M )), g/Autf (M ) = g 0 /Autf (M ), as required. So far we have shown that g/Autf (M ) does not depend on the choice of n. Now suppose a different M 0 <M was chosen in place of M and that n 0 realises tp(h(m 0 )/m 0 ) inM , and g 0 ∈ Aut(M ) is such that g 0 (m 0 ) = n 0 . We want to show that g and g 0 determine the same element of Gal(M ). We may clearly assume (by the first paragraph), that m 0 is a subtuple of m and that tp(m 0 , m) = tp(n 0 , n), namely that g and g 0 agree on m 0 , but then again g/Autf (M ) = g 0 /Autf (M ). Thus the map α M ,M is well-defined. That it is a homomorphism is left to the reader. Finally suppose that M is saturated and of larger cardinality thanM . Then the map α M ,M is surjective because if h ∈ Aut(M ) and h is an extension of
, and g 1 ∈ Aut(M ) projects onto g, then any extension of g 1 to Aut(M ) is congruent to h modulo Autf (M ). This observation also shows that ker(α) is contained in Autf (M ). On the other hand, if h ∈ Aut(M ) and h fixes a small submodel M of M pointwise, then the construction in the first paragraph above shows that g can be chosen to fix a submodel of M . It follows that Autf (M ) is contained in ker(α). Thus α determines an isomorphism γ M ,M between Gal(M ) and Gal(M ).
Let us record for later use one of the observations made in the last paragraphs: (ii) Suppose that E is an invariant equivalence relation on the invariant set X, with a bounded number of classes. Then there is a bounded invariant equivalence relation E on all tuples of suitable length, such that E is precisely the restriction of E to X (for trivial reasons). (iii) Fix β. Then there is a finest bounded invariant equivalence relation on tuples fromM of length β. We conclude: Lemma 4.7 Let g ∈ Aut(M ). The following are equivalent (i) g ∈ Autf (M ), (ii) for any invariant set Y and invariant bounded equivalence relation E on Y , E(a, g(a)) for all a ∈ Y , (iii) for some small elementary submodel M ofM enumerated by m, taking Y to be the set of realizations of tp(m), we have E Y (m, g(m)).
Proof. (i) implies (ii) is by Fact 4.6, and (ii) implies (iii) is immediate. So we must prove (iii) implies (i).Suppose E Y (m, g(m)). So by definition of E
Remark 4.8 It follows from Lemma 4.7 that Gal(M ) acts faithfully on the set of objects of the form a/E where a ∈ Y with Y invariant and E a bounded invariant equivalence relation on Y . In particular Gal(M ) acts on the set of bounded hyperimaginaries.
At this point we can define a topology on Gal(M ).
Definition 4.9 Define C ⊂ Gal(M ) to be closed if whenever U is an ultrafilter on a set I and g i ∈ Aut(M ) for i ∈ I are such that µ(g i ) ∈ C, and
One of the main points (Lemma 4.12) will be to establish a Galois coorespondence between (definably closed) bounded hyperimaginaries and closed subgroups of Gal(M )
The following characterization is useful:
Lemma 4.10 Definition 4.9 defines a topology on Gal(M ). Moreover, the following are equivalent for C ⊆ Gal(M ): (1) C is closed, (ii) for any (possibly infinite) tuple a of elements ofM , {h(a) : h ∈ Aut(M ) and µ(h) ∈ C} is type-definable over some (any) small submodel ofM .
(iii) there are a tuple a, and a partial type Φ(x) (possibly with parameters) such that µ −1 (C) = {h ∈ Aut(M ) : h(a) realizes Φ}.
Proof. As the closed sets are clearly closed under finite unions and arbitrary intersections we get a topology. (i) implies (ii). Suppose first C to be closed in Gal(M ). Let a be a tuple fromM , and let
We must show that Y = {g(a) : g ∈ D} is type-definable. There is no loss in assuming that a = m enumerates a small submodel M ofM . We want to show that Y is type-definable over M , namely that the set of complete types over M realised by elements of Y is closed in the Stone space topology. Let q ∈ S(M ) be in the closure of Y in this sense, and let n realise q inM . We can find m i ∈ Y for i ∈ I and an ultrafilter U on I such that n = (m i ) i /U realises q in the ultraproduct M =M I /U. Let g i ∈ D be such that g i (m) = m i . Let g be the ultraproduct of the g i . So g ∈ Aut(M ) and g (m) = n . Let g ∈ Aut(M ) be such that g(m) = n. As tp(n /m) = tp(n/m) by Remark 4.3, α M ,M (g ) = g/Autf (M ), so as C is closed, the latter is in C and thus n ∈ Y . This implies that Y is type-definable over M . (ii) implies (iii). Assume (ii) , and let m enumerate a small submodel of M . Let Φ(x) be a partial type given by (ii) , namely defining {h(m) : h ∈ µ −1 (C)}. We claim that m and Φ(x) satisfy (iii). For if h ∈ Aut(M ) and h(m) realises Φ, then there is (i) . Let a and Φ(x) satisfy (iii). We may assume that a = m enumerates a small submodel ofM (by adding dummy variables). Let U be an ultraproduct on a set I say, and let h i ∈ µ −1 (C). Let M beM I /U and let h ∈ Aut(M ) be the ultraproduct of the h i 's. Then h (m) realises Φ(x) in M . Let n ∈M realize tp(h (m)/m, A) (where Φ is over A). In particular n realises Φ(x), so there is h ∈ µ −1 (C) such that h(m) = n. By Remark 4.3, α M ,M (h ) = h/Autf (M ), so is in C. By definition (as I, U were arbitrary), C is closed.
We summarise facts about Gal(M ), giving only the proof of (iv) as the rest is like in [?] . 
Proof of (iii). Let
We must show Y to be closed in Aut(M ). Let g ∈ Aut(M ) be in the closure of Y . So for each finite tuple a fromM there is f a ∈ Y such that g agrees with f a on a. Let I be the set of finite tuples fromM , and let U be an ultrafilter on I which contains, for each element b ∈M the set of tuples containing b. Let M = M I /U, and let f be the ultraproduct of the f a s. Note that f ∈ Aut(M ) extends g, and thus α M ,M (f ) which is in X as X is closed, equals µ(g). So g ∈ Y .
We now begin to develop a Galois theory relating closed subgroups of Gal(M ) to bounded hyperimaginaries. Remember Remark 4.8 which says that Gal(M ) acts on the set of bounded hyperimaginaries.
Lemma 4.12 Let G be a subgroup of Gal(M ). Then G is closed if and only if G = F ix(e) for some bounded hyperimaginary e.
Proof. First suppose G = F ix(e) for some bounded hyperimaginary e. Let a be any tuple fromM . Let h ∈ µ −1 (F ix(e)). Then h(e) = e whereby tp(a/e) = tp(h(a)/e). Thus {h(a) : h ∈ µ −1 (F ix(e))} is type-definable.
(Note that tp(a/e) is a partial type in the usual sense.) By Lemma 4.10, G is closed. Suppose conversely that G is closed. Let m enumerate a small submodel of M . Let H = µ −1 (G) < Aut(M ). Then F ix(m) < H, and also by Lemma 4.10, {h(m) : h ∈ H} is type-definable. By Lemma 1.9, H = F ix(m/E), for some type-definable (over ∅) equivalence relation E. As H has bounded index in Aut(M ), m/E must also be bounded. Definition 4.13 Let Γ 1 (M ) be the topological closure of the identity in Gal(M ) (a closed normal subgroup of Gal(M )). Then Gal c (M ), the closed Galois group ofM , is by definition the topological group
Remark 4.14 Gal c (M ) is a compact Hausdorff topological group and G 1 (M ) = {h ∈ Aut(M ) : h(e) = e for all bounded (finitary) hyperimaginaries e}.
Proof. The first statement is clear. For the second: Let {e i : i ∈ I} be the set of all bounded hyperimaginaries. Using Remark 1.2 (iv) there is a single bounded hyperimaginary e which is equivalent to (e i ) i . Note that Γ 1 (M ) is the smallest closed subgroup of Gal(M ), so by Corollary 4.13 it has to be exactly F ix(e).
At this point we can give an interesting application of the theory developed so far, which will also yield a rather more elegant Galois theory. We will prove:
Theorem 4.15 Let e be a bounded hyperimaginary. Then e is equivalent to some sequence of finitary bounded hyperimaginaries.
Corollary 4.16 (i)
There is a Galois correspondence between closed subgroups H of Gal(M ) and definably closed sets A of finitary bounded hyperimaginaries: H A = {g ∈ Gal(M ) : g(a) = a for all a ∈ A}, and A H = the set of all finitary bounded hyperimaginaries a such that g(a) = a for all g ∈ H.
(ii) G 1 (M ) = {h ∈ Aut(M ) : h(e) = e for all finitary bounded hyperimaginaries}.
Proof. (i) is a restatement of Lemma 4.12 using Theorem 4.15, and (ii) is a restatement of the second part of Remark 4.14.
The proof of Theorem 4.15 will use the structure of compact Hausdorff groups. We do not know any other proof. The key fact is:
Lemma 4.17 Let G be any compact Hausdorff group. Then G is pro-DCC, namely G has a family {G i : i ∈ I} of closed normal subgroups such that (i) {G i : i ∈ I} = {1}, and (ii) each (topological) group G/G i has the DCC on closed subgroups.
Proof. First a classical result which can be found in [?] says that G is a projective limit of compact Lie groups, namely that closed normal subgroups G i of G can be found satisfying (i) above and moreover such that each G/G i is a compact Lie group. On the other hand it is clear that a compact Lie group G has the DCC on closed subgroups. (Any closed subgroup H of G is a Lie subgroup which is connected-by-finite and any closed subgroup of H with the same dimension as H must contain H 0 .)
Proof of Theorem 4.15. Let e be a bounded hyperimaginary. By 4.12, the subgroup F ix(e) = H say of Gal(M ) is closed. By 4.14 and 4.17 there is a family (H i : i ∈ I) of closed normal subgroups of Gal(M ) such that {H i :
. By Lemma 4.12 again L i = F ix(e i ) for some bounded hyperimaginary e i . We will first show that each e i is finitary. Fix i ∈ I and suppose e i is of the form a/E, for some tuple a of elements fromM . We may suppose a to be an infinite tuple. Let a n be the tuple consisting of the first n elements of a. Let D n be the subgroup µ(Aut a n (M )) of Gal(M ). By Lemma 4.10, D n is closed for each n. The groups D n .H i (for n increasing) form a descending chain of subgroups of Gal(M ) containing H i . Note that {D n : n ∈ ω} is contained in L i , and thus {D n .
follow that e i ∈ dcl(a n ) and thus is finitary. Secondly we show that e is equivalent to the sequence (e i ) i . This amounts to showing that an automorphism f ∈ Aut(M ) fixes e just iff it fixes each
As H is closed and Gal(M ) is compact there is some limit point h ∈ Gal(M ) of the set of h i 's such that µ(f ).h ∈ H.
Clearly (as the intersection of the H i 's is precisely Γ 1 (M )), h ∈ Γ 1 (M ). By Remark 4.14, µ(f ) ∈ H, and thus f (e) = e. The proof of 4.15 is complete.
We continue with a characterization of G 1 (M ).
Lemma 4.18 For each n, let E n be the equivalence relation onM n of being in the same orbit under G 1 (M ). Then E n is type-definable over ∅ and moreover for any complete n-type over ∅, the restriction of E n to p is the finest bounded type-definable (over ∅) equivalence relation on the set of realizations of p. Moreover g ∈ G 1 (M ) iff g fixes each E n class for all n.
Proof. We first show that E n is type-definable. At this point the definition of closed sets via ultraproducts becomes useful. Let q(x, y) be a limit of types
On the other hand we can easily find small
This implies that g ∈ G 1 and so E n (a, b). We have shown that E n is type-definable over ∅. The moreover clause is clear by Corollary 4.16 (ii) . It follows that if g ∈ Aut(M ) fixes each E n class, for all n, then g fixes all bounded finitary hyperimaginaries, so is in G 1 by 4.16.
The following agrees with the definition in [?] .
Definition 4.19
The theory T is G-compact if for some saturated modelM , {id} is closed in Gal(M ) (equivalently Gal(M ) is Hausdorff ).
The equivalence of (i) and (iii) in the next remark was pointed out by Kim in [?] .
Remark 4.20
The following are equivalent:
is closed in Aut(M ) (in the usual topology), and for each n the equivalence relation onM n of being in the same orbit under Autf (M ) is type-definable. 4.11 and 4.18. (iii) implies (ii) : Let g ∈ G 1 . Let a be a finite tuple of elements of M . As the equivalence relation of being in the same orbit under Autf (M ) is bounded and type-definable, G 1 must fix every class, whereby there is h ∈ Autf (M ) such that h(a) = g(a). As we are assuming Autf (M ) to be closed, g ∈ Autf (M ).
Proof. (i) if and only if (ii) is the definition. (ii) implies (iii) is by
Let us remark that in the case where T is G-compact then Gal(M ) = Gal c (M ) and the topology we defined on Gal(M ) agrees with the one defined in [?] . Finally we make the rather obvious connection between Gal c (M ) and the topological groups G X discussed in section 3.
Lemma 4.21 . Let E be a type-definable (over ∅) bounded equivalence relation on a type-definable (over ∅) set Y . Let X = Y /E. So Gal(M ) acts on X. The induced homomorphism X from Gal(M ) to G X is continuous and surjective. Moreover the intersection of the kernels of all these homomorphisms is G 1 (M ), whereby Gal c (M ) is the inverse limit of the G X 's Proof. Let C ⊂ G X be closed. By definition of the topology on G X there is a sequence a of elements of Y and a partial type Φ(x) over a small subset A ofM ) such that µ Proof. Left to the reader.
We finish this section with another application of the general theory.
Theorem 4.23 Suppose T is countable and G-compact. Let E be an equivalence relation which is defined by a countable disjunction of countable conjunctions of first order formulas without parameters, on a complete type p(x) over ∅. Suppose moreover that E has strictly less than 2 ω classes. Then E is definable (on the set of realizations of p(x) and has only finitely many classes.
Sketch of proof. Note that Gal(M ) acts on the set of E-classes. Let us fix an E-class a/E. Let H < Gal(M ) be the stabilizer of this class. Then our assumptions imply that H is a Borel subgroup of the compact separable group Gal(M ) which moreover has index strictly less than 2 ω . It follows that H is open in Gal(M ), and so also closed and of finite index. The proof of 4.12 shows that a/E is equivalent to a/E for some type-definable over ∅ equivalence relation on p which has finitely many classes. It easily follows that E is definable (on p) and moreover is equivalent to E on p.
Recovering the action of an automorphism group
We assume in this section that T is a complete theory, λ is an infinite cardinal ≥ 2 |T | and that λ + = 2 λ = µ say. We also takeM to be a saturated model of T of cardinality µ, and we assume that T has a saturated model of cardinality λ.
(The cardinal assumptions are to make the exposition smoother, and the technology could be developed without these restrictions). The aim is to recover as much as possible of the structureM from the abstract group Aut(M ). An ideal result (which does not always hold) is to recover the subgroups of Aut(M ) of the form F ix(e) where e ∈M eq . What we do here is to recover subgroups of the form F ix(e) where e is a bounded-closed quasifinitary hyperimaginary, under assumptions slightly stronger than T being G-compact. An intermediary step will be to recover the topological structure of Aut(M ) vis-a-vis various topologies.
We define two topologies on Aut(M ): Definition 5.1 (i) τ is the topology for which a neighbourhood basis of the identity is {Aut A (M ) : A ⊆M , card(A) ≤ λ}.
(ii) τ a is the topology for which a neighbourhood basis of the identity is The theorem tells us that the τ topology on Aut(M ) can be recovered from the abstract group Aut(M ). The next step is to recover the topology τ a . We will let H denote the set of subgroups of Aut(M ) of the form Aut M (M ) where M is some submodel ofM of cardinality λ. The proof of Proposition 6.1 of [?] yields the following group-theoretic characterization of H: Lemma 5.3 Let H be a subgroup of Aut(M ). Then H ∈ H iff the following conditions are all satisfied:
} is a neighbourhood basis of the identity for the τ topology.
Definition 5. 4 We will say that a subgroup H of Aut(M ) has the finite support property (fsp) if whenever {H i : i ∈ I} is a (downward) directed family of cardinality at most λ of members of H and
Proof of claim. Proof. Right to left is by Lemma 5.6 , and left to right by Remark 5.4.
So we have recovered the τ a topology from the abstract group structure of Aut(M ).
Recall that the class Cl(p) of a complete type p(x) over a model M (where x is a possibly infinite tuple of variables) is the set of L-formulas represented in the type. If p(x) is a complete type over a set A then a bound of p is a minimal element of the set of classes of extensions of p to models, where the classes are ordered by inclusion. Such bounds exist (see [?] ). Now we can also consider complete types over hyperimaginaries, namely types of the form tp(a/e) where e is a hyperimaginary and a a possibly infinite tuple of elements ofM , and it is rather easy to see that bounds of such types exist too.
Definition 5.8 Let e be a hyperimaginary and let M 1 , M 2 be small models such that e is in the definable closure of each M i . We say that M 1 and M 2 are in good position with respect to e if tp(
The following is a straightforward adaptation of Theorem 6.14 of [?] to the case of types over hyperimaginaries. (Actually the proof of 6.14 in [?] could have been written with classes of types in place of classes with parameters of types, and it is this version of the proof which generalizes easily to the current situation.)
Proposition 5.9 Suppose that M 1 and M 2 are in good position with respect to the hyperimaginary e. Then for any small M and γ ∈ Aut M (M ),
If e is a hyperimaginary, then by Autf e (M ) we mean the subgroup of Aut(M ) generated by the groups Aut M (M ) for M a small model containing e. (So this is the natural generalisation of Autf A (M ) where A is a subset ofM ).)
Corollary 5.10 Suppose that M 1 and M 2 are in good position with respect to the hyperimaginary e. Then Autf e (M ) is generated by Aut M 1 (M )∪Aut M 2 (M ).
Definition 5.11 Let e be a hyperimaginary. T is called strongly G-compact over e if there is n < ω such that for all tuples a, b of length at most λ if a and b are in the same orbit under Autf e (M ) then there are a = a 0 , a 1 , ..., a n = b and models M 1 , ..., M n containing e such that tp(a i−1 /M i ) = tp(a i /M i ) for i = 1, .., n. T is called strongly G-compact over (quasifinitary) hyperimaginaries if it is strongly G-compact over every (quasifinitary) hyperimaginary.
Remark 5.12
If T is simple then T is strongly G-compact over hyperimaginaries.
(In fact we can choose n to be 2: a and b being in the same orbit under Autf e (M ) means that they have the same Lascar strong type over e. Let c realize this Lascar strong type over e such that c is independent from (a, b) over e. The Independence Theorem for Lascar strong types (see [?] for a treatment of this over hyperimaginaries) yields models M 1 , M 2 containing e such that tp(a/M 1 ) = tp(c/M 1 ) and tp(c/M 2 ) = tp(b/M 2 ).)
Lemma 5.13 Let e be a hyperimaginary. The following are equivalent: (i) T is strongly G-compact over e. (ii) there is an k < ω such that whenever M 1 and M 2 are in good position with respect to e, then Autf e (M ) = (Aut M 1 (M ) ∪ Aut M 2 (M )) k .
Proof. (ii) implies (i) is easy. (i) implies (ii):
Let n be as given by (i) and let k = 3(n + 1). Let m be an enumeration of a small submodel M 0 ofM which contains e. Let So we obtain (ii) .
We now introduce the following conditions (*) and ( * ) a on a subgroup H of Aut(M ): H satisfies (*) if H is open for τ and there is k < ω such that for any subgroup K of H which is open for τ there is g ∈ H such that H = (K.K g ) k .
The condition ( * ) a will be just like (*) except that we require H to be open for τ a .
Lemma 5.14 Suppose e is a (quasifinitary) hyperimaginary and T is strongly G-compact over e. Then Autf e (M ) satisfies (*) (( * ) a ). 
